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Abstract Further progress in pair-density functional theory (sometimes called
2-DFT) hinges on the development of computationally facile and quantitatively accu-
rate models for the kinetic energy functional. In this paper we perform computational
tests for two of the simplest models, the generalized Weizsicker kinetic energy func-
tional and its spin-resolved extension. Both of these models perform very poorly for
atoms. The higher-order Weizsidcker functionals (based on the three-electron distri-
bution function) perform better, but are still not successful. This suggests that an
alternative approach for designing kinetic energy functionals of the pair density is
needed.

Keywords Kinetic energy functionals - Pair density functional theory -
Weizsicker functional

1 Motivation

One of the biggest disadvantages of density-functional theory (DFT) is the inability
to systematically improve results. If a given density functional approximation (e.g.,
the famous B3LYP [1-4]) fails to work, it is impossible to systematically improve
the results without breaking with the fundamental spirit of DFT and resorting to
ab initio-flavored approaches to the quantum many-body problem. (For example,
one can systematically improve the results using Gorling-Levy perturbation theory,
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but in doing so one incurs all of the computational costs and convergence issues
associated with Mgller-Plesset theory [5,6].) It is possible to construct hierarchies
of density functional approximations (e.g., the Jacob’s ladder of functionals [7—
9]) that improve results on average. For a given system, however, there is no
guarantee that the results will improve with the increasing complexity and com-
putational cost of the density-functional approximation. Moreover, if the accuracy
of none of the approximations suffices, further improvement of the results seems
to require an approach based on many-electron correlated wavefunctions [10-13].
Finally, it is possible that there is not much room for further improvement in
density-functional approximations. Recent work on functionals proves that the exact
exchange-correlation functional has a discontinuous dependence on the Kohn-Sham
orbitals [14,15]. (Similarly, the correlation functional in first-order density matrix
functional theory must also have a discontinuous dependence on the orbitals.) Inso-
far as it seems very difficult to design explicit exchange-correlation functionals that
are discontinuous, but continuous functionals will always produce physically absurd
results in some systems, one may question whether how much improvement in den-
sity-functional approximations is possible.

In the mid-1990’s, Ziesche proposed an alternative to Gorling-Levy perturbation
functional for improving density functional approximations [ 16, 17]. Instead of consid-
ering a wavefunction-based correction strategy for systematically improving density-
functional approximations, he considered an approach based on higher-order elec-
tron distribution functions and, specifically, the electron pair density. By including
information from higher-order electron distribution functions, one may systemati-
cally approach the exact result [18,19]. At the top of the hierarchy, the N-electron
distribution function is merely the square of the exact ground-state wavefunction for
the system and the exact functional is known. For the pair density (2-density) and
higher-order electron distribution functions (k-densities), the potential-energy portion
of the electronic energy can be computed exactly, and the only term that needs to be
approximated is the kinetic energy functional. Unlike the situation in density-func-
tional theory and first-order density matrix functional theory, there is no evidence that
the approximate functionals in k-density functional theory (for k > 1) need to be
discontinuous.

The development of k-density functional theories and, especially, pair density func-
tional theory is an active area of research [16—55]. Numerical results are scant, largely
because of the theoretical difficulties attendant to this approach. In addition, most of
the practical proposals require six-dimensional numerical integration of highly peaked
(even singular) integrands, and therefore are not amenable to off-the-shelf black-box
implementations.

The k-electron distribution function (k-density) can be defined in either the
spin-averaged,

pk(Rl,...,Rk):<\IJ > 8(ry, —Ry)--8 (v, — Ry) \1/> ()
i1 i FFik

or spin-resolved
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form. In both cases, for k > 1, the exact interaction energy with the external poten-
tial and the exact electron-electron repulsion energy can be computed, and it is only
the kinetic energy that needs to be approximated. For a given approximate kinetic
energy functional, T [py], the ground-state energy is then computed by the variational
procedure,

Egs = min (’f (o] + Vext [ok] + Vee [pk]) 3)
{pk | pk is N-representable }

Notice that the minimization has to be restricted to k-densities that are
N-representable. The N-representability problem is a major difficulty in k-DFT;
the necessary and sufficient conditions for N-representability are known on a lat-
tice [41] and in real space [32], but they are not known in a useful form. There has
been much work on necessary conditions for N-representability [19,20,27,28,38—
42,52,54]. Partly because the N-representability problem seems so intractable, most
of the work in k-DFT concentrates on the development of kinetic-energy functionals.
(If the kinetic-energy functional is defined appropriately, the N-representability con-
straints can be shifted from the minimization principle into the functional [29,30,56].
That is, one can consider “N -representability of the functional” [57-60] instead of
“N-representability of the k-density” [28,32,41].)

There is very little numerical evidence for the quality of kinetic-energy functionals
[49,50]. In particular, there do not seem to be numerical implementations of even the
simplest possible functional form, the Weizsicker-style functional, [18,23-25,33,61]

N —k)!
1t =y [ [ [ Vo] dn, @

or one of its spin-resolved analogues, e.g., [18]
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The goal of this paper is to test the quality of these two simple functionals. Among
the various spin-resolved Weizsidcker forms proposed in ref. [18], we chose Eq. (5)
because it seems to give the best results.

The Weizsicker functionals have appealing theoretical properties. All Weizsédcker
functionals can be derived from considerations of the Fisher information [53,62,63];
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there is also a derivation based on the quasiprobability distribution functions [64].
The spin-averaged Weizsédcker functionals (Eq. 4) are an increasing sequence of lower
bounds to the true kinetic energy that becomes exact when k = N. The spin-resolved
Weizsécker functionals are also an increasing sequence of lower bounds for the kinetic
energy; results are exact for the o-spin component of the kinetic energy when k = N,,.
In wavefunction-based theories, a sequence of approximations that is exact for increas-
ing numbers of electrons (e.g., CCSD (k = 2), CCSDT (k = 3), ...) rapidly con-
verges towards the exact energy. One might expect, then, that the Weizsicker kinetic-
energy bounds rapidly converge towards the true kinetic energy. The purpose of this
paper is to show that this is not the case. This is shown in the next section. Following
those results, we will speculate about the reasons for our disappointing findings and
propose directions for future research.

2 Computational tests of k-Weizsicker Kinetic energy functionals

We evaluated the k-densities from the reoptimized Clementti-Roetti Hartree-Fock
wavefunctions of Koga et al. [65,66]. We then evaluated the Weizsdcker kinetic energy
functionals in Egs. (4) and (5) using numerical integration methods; in problematic
cases we used several different numerical integration algorithms to obtain an estimate
on the integration error. Our results are accurate to four digits in most cases. For the
higher-dimensional integrals (k = 3) of the larger atoms we are less confident in our
results because different numerical integration techniques sometimes gave differing
results. The number of digits in Tables 1 and 2 reflects our estimated uncertainties
in the integration errors. Especially for large atoms and the k¥ = 3 functionals, our
estimates may be too optimistic. We are confident that the trends we report are correct.

The underlying reason for these numerical difficulties is that the integrands in Eq. (4)
have singularities and near-singularities; this is most clear when they are rewritten as

7O [ 5] = 1 ///|Vr.P3(l‘1,r2,l‘3)|2dr dradrs  (6)
w 1P3 T 2(N—-1)(N-=2) 4p3 (ry, ra, r3) 1Ran

For such strongly peaked functions, numerical integration methods converge poorly.
However, even in the worst cases, our conclusions are not altered: because the errors
are small compared to the total kinetic energy, they do not effect the qualitative trends.

In Table 1 presents the atomic kinetic energies computed using the Weizsécker func-
tionals for He-Ne and higher-atomic number elements from the first three main-group
columns of the periodic table (Groups 1, 2, and 13). In agreement with theoretical
predictions, the Weizsidcker functionals are lower bounds to the true kinetic energy
and they are exact when the order of the functional is equal to the total number of
electrons (spin-averaged functional) or the number of electrons of a given spin (spin-
resolved functional). The spin-resolved functionals are much tighter lower bounds,
but they still are not accurate. The errors are massive (several Hartrees) and they dete-
riorate rapidly with increasing electron number. The general trend is clear from Fig. 1
(alkaline earths). The failure of the Weizsidcker bounds to converge rapidly to the true
kinetic energy can be characterized as follows: the percentage of the Hartree-Fock

@ Springer



J Math Chem (2011) 49:1810-1821

1814

UwIN[oo JSe] oY) UT dN[eA Y00,4-2a1IeH ) 2onpoidal p[nom uonturjap

[euonouny Yy SUIZIfeIauasd ‘Sased sy [[B U "PAUyIpUN ST [EUOTIOUNJ ) AIYM SISED 0] JoJaI SaLnu — Y[, *(§ "by) Tc... ﬁw& M«ﬁ L[ ‘S[RUOTIOUN] JSYORSZISA\ PaA[osal-ulds ay)

(r

pue ( ba) [10] w: L[ ‘S[euonouny IaYopszIop pageraae-urds ayj ajen[eAs 0 pasn re [G9] ‘[e 12 B30I JO SUOTIOUNJIARM [)0Y-NUIWR[D) Paziundoal ay) Jo SANISUIP-y Y],

Tr609C°€Co1 899786 6'656 £59°6¢6 L6°SY6 6Ly Y6 79'6¢6 D
$8608SL°9L9 901 8LL'Y6E 80'¥8¢ YeCLBE £6°G8¢ 80'¥8¢ BD
S669Y91°66S YL S9¢ L61°SSE 981°Sv¢ LOS'LYE 98¥°9v¢ 8Y1°She p
L6699L8 11¢C 9€9°691 VLS TIT 818951 L6T'8S1 80S°LST 16L°9S1 v
Y0E9Y19°661 VoL evl 809°LET 665°CEl S80'vElL yeoeel 665CEl SN
6506858191 1ve1ct YCO'SI1 295011 L6L'TTI 90 IT1 605011 EN
£680LYS"8CI 6£0L'66 8SCLCO £v19°06 16ci'16 £799°06 £v19°06 N
9Ere60v 66 LTT6'18 1€C0'LL 8LY9EL 9eCl'vL 1999°¢L 9leeL d
8¥6£608 7L 8CC1'99 Y9S1'19 Yor1'8S €CCE8S £€896'LS €169°LS (6]
71€6007 v §Ts0'8y 697 LY LOSE 1 80y 8C08°¢y N
7919889°LE Lyyese 901€ e Y09C°Ce 9005°C¢ €CCTCe L90°CE o)
£8506CS YT TS YT 9181°€C TLS0'CC §T8TTC L8LOTC §86'1¢ q
[T20ELS V1 - 868°¢1 99°¢l LS VI LTILEL 99°¢l °d
LSTLTEY'L - ELTEY L ¥86€T'L 8968¢°L 198€CT'L 8Y61°L 1
66L9198°C - - 89198°C - 89198°C 89198°C °H
0] 2anTH L L ik @1 0 mt swory

SWIOJE PAJO[S J0J ‘SIAMNIRH UT ‘STeuonduny ASIoU9 O1oUTy IOYOBSZIOA PIZI[eIouad o) woly sInsay | J[qeL,

pringer

As



1815

J Math Chem (2011) 49:1810-1821

616911 LT6911 711901 L8€9¢6 VLL0S6 96S°¥¢€6 ¥768°SC6 +cWZ
788€L'T08 ¥9L7208 S6°6CL 96¢°S¥9 6LE°6S9 96¢"¥¥9 L0OS™8E9 +og"N
968¢£0°S0S £€0°50S LY 09Y 189°80¥% 8LLYVIY S00°801 L6Ev0Y +¢1®0
9L¥60°9LT 860°9LC £€6°CST 908°5TC 8L0°6CC 961°STC L09°€TC +o1d
LTOT16°STT 106°ST1 8YCLO1 20T6'96 6VST'86 69€8°96 86C1'96 +¢°N

98¢9C1°C6 ¥9C1°C6 9r6'C8 SLTY'LL 1269°8L L6LS'LL €CE0'LL +pd
¥8Cr60° 1L 10LO0°TL 1S62°99 Cler'09 8EYT'19 885¥°09 6L90°09 +¢0
L6vS18°CS 6CYL'CS LSOS 6% 8LIS'SY $600°9% v8¥' Sy 6£C’ Sy +N
YeIT6T LE ¥S6TLE €8LTSE SS0L'CE L180°¢E Y8IL'TE 6EvSCe +0
CSLBTS VT 88CSYC 181'€C 6950°CC 618C'CC ¥8L0'CC 9¥86°1¢ q
9¥0$°9001 - 6%°9001 1¥9°CL8 L0006 £90°088 1¥9°CTL8 +¢z™O
8¥901°€89 - LOT"€89 199°¢6S 6L9'1719 879865 199°¢6S +07O
Syolc ey - cleeey 96T'89¢ 6L6°08¢ CSTILE 96T'89¢ +or
G8IT8ETT - 9T8'¢TC L9¥"961 196°C0C 886°L61 L9¥"961 +o1'S
€S0TT0IT - IT1T°0IT $609°L6 c19°001 910¢°86 S609°L6 +9°N
901E6°L8 - SYe6'L8 18ST8L 8885708 9S6L'8L 18SC°8L +cd
60CLST'89 - 6LST'89 9910°'19 LE6L'CY LYY 19 99%0°19 +40
€C8180°'1¢ - 8C80°IS 9186°St ELTTLY SS9T oY 9186°SY +¢eN
L9180%'9¢ - 680¥'9¢ €190°¢e 6L88°'¢E 8LYT'€E €190°¢e +790
8SELETYT - 9LET VT TLYT'TT TLLL'TT LS6ETC TLYT'TT +4
SC8TLS V1 - EILS VI 1099°¢1 6568°¢l 901IL€T 1099°¢1 °d
O SAnIEH 0L L Wi (o @t ark smory

SOIIAS OTWIOJE OTUOIOI[OST PAJI[AS J0J ‘SIONIBH UT ‘S[euonouny ASI9US oNouD| IOYOLSZIOA PIZI[eIduas 9y} Wolj SISy ¢ dqRL

pringer

a's



J Math Chem (2011) 49:1810-1821

1816

pauyopun SI [RUONOUN A} IAYM SISED 0] JoJaI saue — Y[, (S by) ﬁ Yoo No@ M«w_ L[ ‘S[EUOTIOUN] JONOBSZIOA

paajosai-uids oy pue (1 "ba) [ 1] Qﬁ [ ‘S[eUOTIOUN] JIOYOBSZIOA PaSeroae-ulds oy 9Jen[eAd 0) Pasn aIe [/ 9] SUOIOUNJIABM YO0,{-0d1IEH 1IR0Y-IIUSW[)) Y} JO SONISUIP-Y Y L,

8085°100C 90°ceel ILCSIT 8¢°L601 6¢ 1111 61°¢011 S6°5601 0z+SY
£786'86¢1 80%°998 120°618 686°08L 66°06L 160°S8L 880°08L c1+N
1€ILL Y06 986°CLS 9L8TrS ELL'8IS €L6'VCS Ivics £8C8IS o1+A
168866'81S 9ce0re €V0'vCe 8IL0I¢ wyle 9T’ Cle ccole 1V
1968'vSv 86C°00¢ Iv1°L8C S09°SLT 8CS'8LT €C6'9LT 1Sv'SLe 410
£90L0°S6¢ 9LY'¥9C LSS'TST °s9Tre 90°Svc soL'eve LESTYC c+S
99¢€9°6¢£¢€ 616'6CC csToce 898°11¢C 708°¢1C SY8CIC 98L°TIC +d
r996°88¢ 80¥°L61 ¥9T 061 GSTes8l L9681 780 ¥81 €0C° €81 +IS
L9698 11¢C e 691 1667291 808951 6¢°861 961"LST 8L9S1 v
010T°S¥81 LLSTT 89801 1S°1€01 T LYO1 69'8¢01 1S 1€01 0¢+°D
68CESLTI ¥CL018 LET'E9L €1S°STL 80C9¢L 96¢°0€L €1S°STL c1+90
EVLSO'TI8 990°LcS 9¢€0°L6Y LSO ELY £65°08Y 9L99LY LSO ELY o1+iL
89989°CI¢ ILeve S65°STE OI'T1e Iecie 900°¢le OI'lle o+1V
109¢y ¢Sy 889°¢0¢ 916°88¢C C86'SLT 1v0'6LC LLS'LLT 86°SLT +¢IO
09LLE €6E 266'99¢C 9IL€ST S6'TYT G88°SYC clevie S6'Te ++S
1€696°8¢¢ LI8IET 9lT1ce 60°Cle 98y'vic YT elc c60°CIT +¢d
¥866°L8C LS 00C LyO'T61 8I¥°¢81 8CS°S8I YLE V8T 8I¥°¢81 +71S
60€L9"1vC T9¢0LT PO1°€91 806951 G9¢"8S1 69°LST 806951 +IV
0€€19°661 968 evl Yeo'LET y867CeEl L69°¢El 80T €El 86°CEl SN
W00 SEH oL L WL ©L L mt el

panunuod g 3[qey,

pringer

a's



J Math Chem (2011) 49:1810-1821 1817

100

WMk=1 @Dk=2 Ok=3

P (o] ®
o o o
! ! !

% of HF Kinetic Energy

n
o
!

O A
Be Mg Ca Sr

Fig.1 The percentage of the Hartree-Fock kinetic energy that is obtained from the spin-resolved Weizsdcker

kinetic-energy functionals, Tu(k; [ p]t: 1 ~--trk] (Eq. 5) in the alkaline earth atoms

energy that is recovered does not diminish as k increases. That is, we have a prob-
lem of nondecreasing returns: the correction we obtain from increasing k does not
decrease (significantly, if at all) as k increases. This is not what is usually observed
in quantum chemistry, where a law of diminishing returns indicates that increasing k
(e.g., from CCSD to CCSDT to CCSDTQ) provides successively smaller corrections
to the energy. Because of this, we do not believe the Weizsicker bounds are likely to
be practically useful. Examination of the smaller atoms in Table 1 reveals that even the
final correction (from k = N — 1to k = N) is not at all negligible. Since evaluating
the Weizsicker functional for k > 4 is highly impractical, this limits the utility of this
functional to systems with very few electrons.

We also investigated the Be, B, Mg, and Al isoelectronic series, as shown in Table 2.
Not only does the absolute accuracy of the Weizsicker functionals deteriorate rapidly
with increasing Z, the relative accuracy decreases. For the isoelectronic series, we
used the Hartree-Fock wavefunctions of Clementi and Roetti [67].

3 Discussion

Can we dismiss these results as inappropriate tests of the Weizsicker functionals for
the k-density? For example, it is dangerous to test conventional density functionals
(k = 1) for the noninteracting kinetic energy and exchange energy using data from
Hartree-Fock because of the small, yet subtle, differences between the definitions of
the various energy terms in Hartree-Fock and conventional DFT. The same is true
here: the values of the exact kinetic energy functionals for a Slater-determinantal
k-density [29,30] might differ from the Hartree-Fock kinetic energy. (E.g., among all
wavefunctions with a given 2-density, there might be one with a lower kinetic energy
than the Hartree-Fock kinetic energy [30].) The variational principle for the energy
dictates that the difference between the value of the exact kinetic energy functional and
the Hartree-Fock kinetic energy is less than the quantum chemical electron correlation
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energy.! Since the errors in the Weizsicker functionals are enormously larger than the
possible error in the Hartree-Fock approximation to the k-DFT kinetic energy, this
theoretical subtlety does not affect the interpretation of our results.

Why are the Weizsicker kinetic-energy functionals so poor? Consider that Egs. (4)
and (5) are derived, implicitly, from a reconstruction of the k-electron reduced density
matrix from the k-density. For example, Eq. (4) may be derived by assuming that the
spin-averaged k-electron reduced density matrix is [18]

Tr(ri,oms ) = (\/pk (rl,...rk)) (\/,ok (r’l,...,r’k)). @)

The exact k-electron reduced density matrix can be written in terms of the natural
k-bitals as [68,69]

Fk (1'1, S r/l, ey I'/k) = angk)(ﬁi(k) (1'1, ey I‘k) (¢l-(k) (r/l, ey I'/k))*. (8)

i

An N-representability constraint on I'y, restricts the occupation numbers of the natural
k-bitals

|
0 <n® < 2N!

SN SN kD ©

For k < N, there must be more than one occupied k-bital. The expression in Eq. (7) is
not an N-representable I'x, and so it does not give an acceptable kinetic energy func-
tional. In particular, for k < N, the density matrix ansatz in Eq. (7) strongly violates
Fermi statistics (though it is perfectly satisfactory for bosonic systems). As is usually
the case, failure to impose adequate N-representability conditions on the k-electron
density matrix results in a very weak lower bound on the energy. Because the viola-
tion of N-representability in Eq. (9) reduces very slowly with increasing &, and is still
“large” even for k = N — 1, the k-Weizsicker family of functionals converges very
slowly to the correct result.

Where do we go from here? The negative result in this paper suggests that while
the Weizsédcker family of kinetic energy bounds may have theoretical utility, they are
not useful for practical computations. Other functionals should be pursued. For Slater
determinantal k-densities like those used here, March and Santamaria derived an exact
functional, [70] which is, in spin-resolved form, [18]

! In fact, the difference between the value of the exact kinetic energy functional and the Hartree-Fock
kinetic energy is probably much less than the quantum chemical correlation energy.
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o o 2
T]\(/IZ) glgz] _ // |Vr1 ,O *(ry,r2) — pf (r1) o} (r2))| drydr
P3% (r1,12) — pf (r1) pff (r2))

- /\v ol e — of ) of ()|

P i) = o ) of (1)

dridr, (10)

This functional would give exact results for all the systems considered in this paper.
The problem with the functional is that the integrand is often singular in real sys-
tems, leading to extreme numerical difficulties and possible lack of convergence. The
March-Santamaria functional can be extended, with some difficulty, to & > 2. [18]
Because the March-Santamaria functional is exact for a single Slater determinant, to
test it we should use correlated wavefunctions. Those tests will be reported separately.
[71]

An alternative approach, first proposed by Ayers and Levy, is more closely aligned
with the spirit of a hierarchy of k-density functional theories. [31] In that approach,
one starts with the noninteracting kinetic energy from Kohn-Sham DFT, T [p], and
then corrects it based on the differences between the pair density from the Kohn-Sham
Slater determinant, p2 s (ry, r2), and the true pair density, obtaining a functional of
the form [31]

T [pal = Ty [p [o2]] + T [p2.5: 2] - (11)

This could be extended to k = 3 by replacing the Kohn-Sham calculation with
Gonis-type theory for the pair density. [21,22] Given the difficulties we encountered
with the Weizsicker family of functionals, we are skeptical that any truly explicit form
for the kinetic energy functional will give satisfactory results. Based on this hunch,
we are current writing a computer program that will allow us to explore approaches
based on Eq. (11).
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